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The objective of this work is to develop a remodeling model for biological matter coupling two different
processes in a 3D framework: reorientation of the preferential direction of a given ﬁbered structure and
reorientation of the ﬁbrils or ﬁlaments that make up such a structure. This work uses the microsphere-
based approach to take into account the micro mechanics involved in biological ﬁbered structures regard-
ing both their passive behavior and the reorientation of their micro constituents. Moreover, the macro
behavior of the material as a whole is obtained by means of homogenizing the underlying micro
response. We associate the orientation space of the integration directions to the physical space of
micro-ﬁbrils. To approximate the directional distribution of the ﬁbrils within each ﬁber bundle, a Bing-
ham probability orientation density function is introduced into the Helmholtz energy function. With all
these assumptions, the problem is studied from an energetic point of view, describing the dissipation
inherent to remodeling processes, and the evolution equations for both reorientations (change in prefer-
ential direction of the network and change in shape of the ﬁbril distribution) re obtained. The model is
included in a ﬁnite element code which allows computing different geometries and boundary value prob-
lems. This results in a complete methodology for characterizing the reorientation evolution of different
ﬁbered biological structures, such as cells. Our results show remodeling of ﬁbered structures in two dif-
ferent scales, presenting a qualitatively good agreement with experimental ﬁndings in cell mechanics.
Hierarchical structures align in the direction of the maximum principal direction of the considered stim-
ulus and narrow in the perpendicular direction. The dissipation rates follows predictable trends although
there are no experimental ﬁndings to date for comparison. The incorporation of metabolic processes and
an insight into cell-oriented mechano-sensing processes can help to overcome the limitations involved.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Remodeling and other evolving processes such as growth or
morphogenesis are key factors in the evolution of biological tissue
in response to both external and internal epigenetic stimuli. Based
on the description of these processes provided by Taber (1995) and
Humphrey et al. (2002) for three important adaptation processes,
remodeling, morphogenesis and growth (positive and negative),
we shall consider the latter as the increase/decrease of mass via
the increase/decrease of the number or size of cells, leading to a
change in the volume of the organ. The work of Rodriguez et al.
(1994) used the concept of natural conﬁguration previously intro-
duced by Skalak et al. (1982) to formulate volumetric growth. La-
ter, Humphrey et al. (2002) proposed a constrained-mixture
theory where changes in the density and mass of different constit-ll rights reserved.
and Bioengineering, Aragón
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elam@unizar.es (M.A. Martí-uents were taken into account. Many other works about biological
growth have been presented in recent years, see e.g. Imatani and
Maugin (2002), Garikipati et al. (2004), Gleason and Humphrey
(2004), Menzel (2004), Amar et al. (2005), Ganghoffer et al.
(2005), Ateshian (2007), Goriely et al. (2007), Kuhl et al. (2007),
Ganghoffer (2010a), Ganghoffer (2010b) and Goktepe et al.
(2010). Morphogenesis is associated to changes in the structure
shape (Taber, 1995; Taber, 2009) while remodeling denotes
changes in the tissue microstructure via the reorganization of the
existing constituents or the synthesis of new ones with negligible
volume change. All these processes involve changes in material
properties. Although remodeling and growth can, and usually do,
occur simultaneously, there are some cases where these processes
develop in a decoupled way. For example, Stopak and Harris (1982)
reported some experimental results showing remodeling driven by
ﬁbroblasts, with no volume growth. We will assume this scenario
in this contribution, focusing exclusively on remodeling processes
and on the reorientation of ﬁbered biological structures.
It is well known that biological tissue remodels itself when dri-
ven by a given stimulus, e.g. mechanical loads such as an increase in
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control the signaling processes and the overall evolution of the tis-
sue. Biological remodeling can occur in any kind of biological tissue.
In particular, the study of collagen as the most important substance
to be remodeled, in all its types (preferentially Type I and III), has
attracted considerable attention in recent years (Kuhl et al., 2005;
Driessen et al., 2008; Machyshyn et al., 2010a; Machyshyn et al.,
2010b). Collagen is considered the main bearing structure in many
tissues, such as ligaments, tendons, arteries, etc. Collagenmolecules
are made up of three chains (a-chains) coiled up in a helical-like
structure. These molecules join in the extracellular matrix, creating
collagen ﬁbrils that are again assembled into larger collagen ﬁbers
(see e.g. the work of Fung (1990) for a general overview). The reori-
entation of this kind of structure can be assumed to be the conse-
quence of the reorientation of the ﬁbrils or ﬁlaments that make
themup. This phenomenon leads to changes in themicro-structural
orientation and ﬁber shape due to the reorientation of the ﬁbrils
(see e.g. Stopak and Harris (1982) and Sander et al. (2009)). Several
remodeling models have been proposed in recent years. Some of
them analyze the reorientation of unidimensional ﬁbers driven by
different stimuli such as Menzel (2007) or Karsaj et al. (2009). Gar-
ikipati et al. (2006) presented an elegant energetic study of the
remodeling problem from a thermodynamic point of view. Naraya-
nan et al. (2010) presented a study dealing with the energy rates in
growing tumors.
Another important biological structure able to remodel itself is
the cell cytoskeleton. The cytoskeleton is composed of microtu-
bules, microﬁlaments and a network of actin ﬁlaments, among
many other elements (see e.g the review of Mofrad and Kamm
(2006) and references therein for details). Cells move and reorient
their inner structure depending on the stiffness and strain of the
substrate (Discher et al., 2005; De et al., 2007). The cytoskeleton
shape can change by means of the adaptation of the microtubules
and ﬁlaments in response to a speciﬁc external mechano-chemical
stimulus (Saez et al., 2005; De et al., 2008). There are several exper-
imental tests reported in the literature showing morphological
changes in cells, resulting from mechanical stimulation of the ma-
trix where the cells are located. There are two main procedures
which induce morphological changes in cells, static and cyclic
loading (De et al., 2007, 2008; Goli-Malekabadi et al., 2011). While
static and low-frequency loading lead to reorientation and remod-
eling of the cellular structure parallel to the stretching direction
(Collinsworth et al., 2000; Bischofs et al., 2003), cells in high-fre-
quency cyclic tests align perpendicular to the loading direction.
(Hayakawa et al., 2001; Jungbauer et al., 2008; Hsu et al., 2009;
Faust et al., 2011; Chen et al., 2012). In the case of a high-frequency
stimulus, the mechanosensing elements, the focal adhesions, are
not able to follow such a quick changes and neither stress ﬁbers
nor miosin motors get activated. However, in static and low-fre-
quency load states, focal adhesions react to such changes by means
of an active internal tension of the stress ﬁbers leading to changes
in their morphology. These experimental results are characterized
by a gradual reorientation of the principal direction of the cell fol-
lowed by a progressive remodeling of the micro-structure leading
to a narrower shape, see e.g. the experimental work of Dai et al.
(2004) and the references therein. In Fig. 1 we show some results
presented by Hayakawa et al. (2001) illustrating this behavior. In
many cases this change of shape, unlike changes in orientation, is
measured only by a shape-index (Levesque et al., 1986; Galbraith
et al., 1998; Farcas et al., 2009). The underlying biological pro-
cesses, such as the dynamics of focal adhesions or the tension ex-
erted by molecular motors over actin stress ﬁbers are much more
complex (see e.g. Mofrad and Kamm (2006) for an overall under-
standing of cell behavior). There are not many works describing
these features of the inner structure. In terms of the orientation
of the preferential direction of the cell, some of the most widelyaccepted models are those presented in De et al. (2007, 2008).
The reorientation is assumed to be controlled by the matrix behav-
ior and the forces that arise from the active regulation of the cell in
a dipole-like manner. In terms of modeling changes in cell mor-
phology due to external stimuli, there are few models described
in the literature, see e.g. Levesque et al. (1986), Ingber (2003),
Ohashi et al. (2005).
Introducing multi-scale techniques is a straightforward ap-
proach to take into account underlying evolving processes. The
works of Ingber (2008) about tensegrity models of cell structures
is a good example in the ﬁeld of cell mechanics. Miehe et al.
(2004) performed a microsphere-based approach to study the
microstructural behavior of polymers. Later, Caner et al. (2006) ap-
plied this approach, also known as microplane, to vascular tissue.
Microplane models were ﬁrst used by Bazant and Oh (1985), Kuhl
et al. (2000) and Carol et al. (2004), among others, for studying the
failure and plasticity of brittle materials, and they were later ex-
tended to other ﬁelds. Alastrué et al. (2009a) used this approxima-
tion to model vascular tissue including anisotropy. To gain a
deeper insight into the underlying changes in the microstructure,
some authors have included information about the dispersion
around the main orientation direction by using several statistical
distributions. The von Mises distribution was introduced by Gasser
et al. (2006) in the vascular framework to account for dispersion.
Later Alastrué et al. (2010) used a Bingham distribution function
(Bingham, 1974) to include the dispersion of the bundles and pre-
sented a comparison of these two statistical functions. In this con-
text, some works (Menzel, 2007; Kroon, 2010; Grytz et al., 2010)
have included these statistical functions to account for remodeling.
In multiscale homogenization schemes the macroscopic behavior
is recovered by averaging the microstructural behavior repre-
sented, in the case of biological ﬁbered tissue, by the mechanics
of the ﬁbrils or ﬁlaments. Previous authors (Alastrué et al., 2010)
have used exponential-type models, such as that proposed by Hol-
zapfel et al. (2000). Recently Menzel et al. (2009) presented a
microsphere-based approach for remodeling, where the ﬁbrils
behavior was modeled by the Worm-like Chain model (WLC).
WLC models have been extensively used for analyzing the behavior
of the DNA double helix (see e.g. Bustamante et al., 2003) and by
Arruda et al. (1993) and Kuhl et al. (2005) to simulate elastomer
and soft tissue respectively. Arruda et al. (1993) introduced this
model in a non-afﬁne isotropic eight chain model that has also
been used by Bischoff et al. (2002). Garikipati et al. (2004) and Kuhl
et al. (2005) extended it to anisotropic behavior. Alastrué et al.
(2009a) and Alastrué et al. (2010) presented a comparison of both
ﬁbril models (exponential and WLC) in a microsphere-based ap-
proach. Note that along with the classical point of view of space
orientations for microsphere-based models, we also associate the
orientations to a physical orientation space of micro-structural ele-
ments, e.g., collagen ﬁbrils in collagen bundles or microtubules and
actin ﬁlaments in cells.
In short, we present a new remodeling model in 3D taking into
account the reorientation of the mean direction of a given ﬁbered
structure and the reorientation of the individual ﬁbrils or ﬁlaments
leading to changes in the parameters of the associated probability
orientation density function. In Section 2 we begin by discussing
the material model used and in particular the WLC model adopted
for each ﬁbril. Later in this section, we present the Bingham statis-
tical distribution, its main properties and general shape. We make
use of the microsphere-based approach as a homogenization tech-
nique to move from the micro to themacro-scale as described in
the last part of Section 2. In Section 3, the evolution equations
for remodeling are presented. We continue in Section 4 with the
thermodynamical formulation of the problem obtaining the
expression for the dissipation. The particularization of the model
for the biological case is addressed in Section 5. In Section 6 we
Fig. 1. Results presented by Hayakawa et al. (2001) (with permission). Hayakawa and coworkers stretched cells cyclically over 90 min. Two different processes are observed,
a reorientation of the mean direction of the cell and a morphological change in the cells due to adaptation of the internal cell elements, such as microtubules and stress ﬁbers.
A narrowed shape of the cell is obtained at the end of the experiment while the reorientation of the mean direction is detected at the beginning of the test.
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approach and in Section 7 we include our model in a ﬁnite element
framework. We ﬁnish with a discussion of the advantages and lim-
itations of the present contribution in Section 8.
2. Material model: background mechanics
Our model is developed within a hyperelastic framework under
a large strain hypothesis. The aim of this section is to introduce the
strain energy density function (SEDF) for ﬁbered structures, for
example, materials with bundles of collagen ﬁbrils or the cell cyto-
skeleton that will be used in this work. The main idea is to include
microstructural information capable of reproducing the mechani-
cal behavior and the shape of the spatial distribution of ﬁbered
constituents. A statistical distribution is considered to take into ac-
count the dispersion of the ﬁbrils around a preferential orientation.
Each ﬁbril will be modeled by an individual strain energy function
at the micro-level represented by the WLC model. We will ﬁnish
this section with an academic example showing the mechanical
behavior of the model and some simple examples of the passive
mechanical behavior.
2.1. Non-linear continuum mechanics framework at large strains
For the kinematic of the problem we make use of the conﬁgura-
tion changes of a given body b. Let X 2 X0 be a particle in the ref-
erence conﬁguration, X0  R3, and x 2 X the same particle in the
spatial conﬁguration X  R3. The non-linear mapping that relates
both conﬁgurations is denoted by u : X0 ! R3 and the associated
linear tangent map, known as the deformation gradient, F ¼ rXu
transforms tangent vectors from the material curves to spatial
curves. We will restrict ourselves to a Cartesian metric.
Moreover, the deformation gradient and the Cauchy–Green
strain tensor C may be written in decoupled form as in Flory
(1961), namely
F ¼ J1=3F; C ¼ J2=3C ð1Þwhere J ¼ detðFÞ, and F and C are the isochoric parts of the deforma-
tion gradient and Cauchy–Green tensor, respectively.
As is usual in the continuum mechanics of biological tissue, we
will use a strain energy density function (SEDF) related to the
mechanical contribution in a decoupled form, given by the volu-
metric and isochoric parts. The latter is decoupled again into iso-
tropic and anisotropic parts as shown in Eq. 2.
Wmech ¼ Wvol þWiso þWani ð2Þ
where WvolðJÞ describes the SEDF associated to changes in volume,
WisoðI1; I2Þ is the isotropic contribution to the isochoric deformation,
with I1 ¼ trðCÞ and I2 ¼ 1=2½½trðCÞ2  ½trð C2Þ, usually related to the
ground substance surrounding the ﬁbers and described by a Moo-
ney–Rivlin model. The isochoric anisotropic part Wani will be devel-
oped in the following sections.
2.2. Micro-sphere-based anisotropic approach
The microsphere-based model, also known as the micro-plane
model, constitutes a homogenization technique that has been used
previously for brittle materials (Bazant et al., 1988), damage and
fracture (Bazant and Oh, 1985; Carol et al., 2001; Kuhl et al.,
2001), polymers (Miehe et al., 2004) and biological tissue (Caner
et al., 2006; Alastrué et al., 2009a), among many other applications.
The homogenization or continuous averaging ðÞh i of a given vari-
able ðÞ is carried out by integrating over the unit sphere surface
(Bazˇant and Oh, 1986; Heo and Xu, 2001). In order to perform a
numerical implementation, the integral is computed by summing
up the integrand over m discrete orientation vectors with the cor-
responding weight factors wi as
ðÞh i ¼ 1
4p
Z
U2
ðÞdA 
Xm
i¼1
wiðÞi; ð3Þ
where dA is the differential area element of the unit sphere that
may be written in terms of the spherical angles a 2 ½0;pÞ and
/ 2 ½0;2pÞ as dA ¼ sinðaÞd/da. The normalizing term 4p is the unit
sphere total area AU2 ¼ 4p. Although the microsphere approach was
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nique, each unidirectional integration direction can be interpreted
as the contribution of the ﬁbrils weighted by the dA associated to
each direction. The contribution od the ﬁbers to the SEDF may then
be homogenized over the whole set of dimensions as (we refer to
Miehe et al. (2004) for a review of these equations):
Wani ¼ 14p
Z
U2
qwðkÞdA 
Xm
i¼1
qiw
iwðkiÞ; ð4Þ
where,Wani and w are the energy density functions in the macro and
micro levels respectively, q is the statistical distribution with qi the
discrete value associated to each integration direction that includes
the anisotropic behavior, and ki is the stretch ratio for each integra-
tion direction ri.
2.3. Behavior of the ﬁbrils
At the micro scale, we chose the well-established WLC model
(Kratky and Porod, 1949) to deﬁne the SEDF for every ﬁbril or ﬁla-
ment. The WLC was used in DNA modeling by Bustamante et al.
(2003). Subsequently it was used by Garikipati et al. (2005), Kuhl
et al. (2005) and Alastrué et al. (2009a), among others, to model
the behavior of biological tissue, extending the WLC molecular
model to cover continuum tissue. Following this model, the indi-
vidual contribution of each ﬁbril or ﬁlament wðkiÞ to the overall
SEDF can be written as:
wðkiÞ¼
0 if ki<1
nkH
4A
½2r
2
i
L
þ L
1ri=L
ri|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
wchn
lnðk4r
2
0
i Þ
1
L
þ 1
4r0½1r0=L2
 1
4r0
" #
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
wrep
 if kiP1
8>>><
>>>>:
ð5Þ
with n being the chain number density, k ¼ 1:381x1023 ðJ=KÞ the
Boltzmann constant and H the absolute temperature, e.g.
H ¼ 310 K for biological tissue. The parameter A represents the per-
sistence length (ratio between bending stiffness and thermal energy)
and L the contour length. ki ¼ ½ri  C  ri1=2 is the stretch of each ﬁbril,
ri ¼ ki r0 and r0 the initial end-to-end length.Note that, asdiscussed in
Section 2.1, the behavior of the ﬁbered structure is related to the
anisotropic part of the SEDF. The contributionwchn is due to individual
chains, while the repulsive term wrep is introduced to preserve zero
initial stresses in the reference conﬁguration (unit stretches) driven
by thenon-vanishing initial length r0. Note that this termcanbemod-
iﬁed to obtain residual stresses in the reference conﬁguration,
althoughwe have not included thismodiﬁcation in the presentwork.
Note that ﬁbers are assumednot to bear any load under compression.
We can obtain the stress tensors from Eq. 5 and write the deviatoric
part of the Piola–Kirchoff, Si ¼ 2@CwðkiÞ.
2.4. The Bingham probability distribution
A more realistic behavior of the ﬁbered structure can be ob-
tained by considering a statistical distribution of the ﬁbrils to re-
ﬂect the anisotropic response. We chose the Bingham orientation
density distribution (Bingham, 1974) that provides more ﬂexibility
in modeling the dispersion of the ﬁbrils than other commonly used
distributions (Gasser et al., 2006; Alastrué et al., 2009a; Menzel
et al., 2008). The Bingham distribution was previously used by
Alastrué et al. (2010) to simulate the behavior of arterial tissue
and may be expressed as
qðr; Z; Q Þ ¼ F000ðZ; rÞ½ 1 etr Z  Q T  r  rT  Q
 
; ð6Þ
where U2 represents the unit sphere, and r 2 U2 are director vec-
tors, etr ð Þ  exp tr ð Þð Þ. The probability concentration is controlled
by the eigenvalues of the diagonal matrix Z;j1;2;3, which may beinterpreted as concentration parameters. In fact, the difference be-
tween the pairs ½j1  j2; ½j1  j3 and ½j2  j3 controls the shape
of the statistical distribution over the unit sphere and, therefore, the
concentration in the 3D space. For example, equal values of all the
three parameters lead to an isotropic distribution of the probability
while two values equal to zero represent a unidimensional distribu-
tion. Q 2 SOð3Þ represents the orthogonal local base that deﬁnes the
directions of the statistical function. F000ðZ; rÞ may be written as
F000ðZ; rÞ ¼ 4p½ 1
Z
U2
etr Z  r  rT dA: ð7Þ
In our approach, Q evolves to control the reorientation process of
the maximal probability direction while r also evolves changing,
explicitly, the concentration of the Bingham orientation distribution
without loss of generality. For the sake of simplicity we will con-
sider the maximal probability direction of the orientation distribu-
tion function (ODF) to be initially oriented along Q i;3 for i ¼ 1;2;3
with j3 P j2 and j1 ¼ 0:0. Fig. 2 shows different shapes of the
Bingham distribution for different values of j1;2;3.
The similarities between the structures in collagen bundles and
cytoskeleton cells, and the discretization of the ODF over the unit
sphere (Fig. 3) justify this approach. This assumption leads to amore
real representationof theﬁberdistribution, as shown in Fig. 3,which
corresponds to the functions depicted in Fig. 2. The ﬁbrils distribu-
tion is represented weighted by the associated q in a gray scale,
which will be discussed in detail below. At this point we would like
to point out again that the classical assumption of an orientation
space, as dealt with by microsphere-based models, is extended in
ourmodel toassociate thesevectorswithﬁbrils of aﬁberedstructure
in a3Dspace.Wecall this 3D space aphysical space in contrast to the
orientation space of the integration scheme.3. Evolution equations
As explained above, remodeling is controlled through two
decoupled phenomena: ﬁrst, the evolution of the orthogonal tensor
Q , which determines the rotation of the preferential directions and
second the reorientation of the ﬁbrils or ﬁlaments that changes the
shape and parameters of the Bingham distribution. These pro-
cesses can be identiﬁed in nature, e.g. those processes discussed
in the introduction section such as rotations of cells in a dipole-like
manner and the morphological changes. We base our evolution
equations on the reorientation process described by Menzel
(2004). The realignment will be driven by a given general stimulus
characterized by a second order tensor.
3.1. Preferential direction reorientation (PDR)
In this section we describe the reorientation of the whole ﬁ-
bered structure, given as the reorientation of the principal direc-
tion. The tensor Q 2 SOð3Þ, from where the orientation of the
Bingham is deﬁned, will evolve toward a new base deﬁned by
the eigenvectors of the driving stimulus N, denoted by NI . We de-
ﬁne a rotation tensor, R 2 SOð3Þ, as R ¼ N  Q1 that takes into ac-
count the rotation of the orientation tensor of the Bingham
distribution. For the evolution of Q , a geometrically exact update
will be used. The Euler theorem states that ‘‘every element
R 2 SOð3Þ, with R – I, is a rotation through an angle h ¼ kxk about
an axis x’’, with x 2 R3 being an eigenvector of R with eigenvalue
1, that fulﬁlls Rx ¼ x. R can be written in terms of the exponential
mapping as R ¼ expðe xÞ with e denoting the third-order per-
mutation symbol. In short, it is possible to deﬁne a rotation vector
x, through which the initial base rotates to the ﬁnal position (see
Marsden and Ratiu, 1999 for details). This approach follows that
initially proposed by Menzel (2004) and Himpel et al. (2008) for
(a) Fibril representation (b) Fibril representation (c) Fibril representation (d) Fibril representation
for   1,2,3 = 0.0, 8.0, 10.0κ for   1,2,3 = 8.0, 0.0, 10.0κ for   1,2,3 = 10.0, 0.0, 10.0κ for   1,2,3 = 0.0, 0.0, 10.0κ
Fig. 3. Representation of the ﬁbrils within the ﬁbered structure for the Bingham ODF represented in Fig. 2.
(a)   1,2,3 = 0.0, 8.0, 10.0κ (b)   1,2,3 = 8.0, 0.0, 10.0κ (c)   1,2,3 = 10.0, 0.0, 10.0κ (d)   1,2,3 = 0.0, 0.0, 10.0κ
Fig. 2. Shapes of the Bingham ODF and probability density values for different values of j1;2;3 and Q ¼ ex 	 ex þ ey 	 ey þ ez 	 ez . (a) and (b) represent the same distribution
shape but rotated 90
 . (c) provides a planar-type distribution and (d) presents a von Mises distribution, which can be considered as a particularization of the Bingham ODF.
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Karsaj et al. (2009) for 2D problems. From this, the rate of Q is gi-
ven by
_Q ¼ n^x  Q : ð8Þ
where nx ¼ x=x;x ¼ kxk and n^x ¼ e  nx are the norm of the
angular velocity, its unit direction and the so called hat map of x,
respectively. For the temporal discretization, we consider a time
interval T and a number of subintervals, s, T ¼ Ss1n¼0½tn; tnþ1 where
the time increment is given by Dt ¼ tnþ1  tn. The evolution of the
base at time n will evolve in the exponential mapping context as
Q nþ1 ¼ expðe xDtÞ  Q n ð9Þ
which describes a rotation of the orientation at time n, Q n, by the
current rotation vector x or the skew-symmetric tensor
x^ ¼ e x. Note that this approach follows an explicit updating
scheme, with dependencies on the current position, different from
the implicit scheme in Menzel (2004) where the updated quantities
were obtained by means of Newton’s iteration scheme. However, as
Kuhl et al. (2005) pointed out, this is a reasonable approach for the
gradual realignment followed herein. Note that for
t !1;Q nþ1 # N. In order to compute the exponential map, this will
be rewritten (see e.g. Marsden and Ratiu, 1999) by the Rodriguez
formula, given RðxÞ, as
expðx^tÞ ¼ sinðkxktÞ½ n^x þ 1 cosðkxktÞ½ nx 	 nx þ cosðkxktÞI;
ð10Þ3.2. Changes in the ﬁbered structure shape. Reorientation of the ﬁbrils
(RF)
In this section we describe the reorientation model for the ﬁ-
brils or ﬁlaments. Some authors have modeled this phenomenon
by means of evolving statistical distributions (Driessen et al.,2008; Menzel et al., 2008). Menzel et al. (2008) studied this issue
by using a von Mises distribution and the evolution of the associ-
ated structural tensor. More recently Menzel et al. (2009) pre-
sented a work for remodeling within a microsphere approach,
where from an initial isotropic state, the reorientation of each of
the integration directions leads to an anisotropic behavior. This lat-
ter approach is similar to that described in Himpel et al. (2008) for
one simple ﬁber, and it is the approach that we adopt for the reori-
entation of the microstructure.
In this work we make use of the Bingham distribution (see Sec-
tion 2.4). Three different options for deﬁning its rate are discussed.
(i) Deﬁning a rate of the diagonal tensor Z. This approach has some
disadvantages since the actual quantities that establish the func-
tion shape are the differences between the values of Z, but not
the values themselves. Therefore, it is not trivial to obtain an evo-
lution equation that can be introduced consistently in the thermo-
dynamic framework, which evolves correctly with any driven
quantity and has a consistent physical interpretation. Moreover,
this approach would introduce more phenomenological parame-
ters. (ii) Deﬁning second and fourth-order tensors following the
developments described by Menzel et al. (2008). This approach
also has some difﬁculties regarding the deﬁnition of a closed
parameterized form. Computation of these parameters turns out
to be a complex task (see Menzel et al., 2008 for additional details
of this procedure), and this is not the goal of this contribution. (iii)
Deﬁnition of the rate equation for each integration direction to be
reoriented. This procedure was initially proposed by Menzel et al.
(2009) and is the approach adopted herein. Moreover, with such
an approach, we are able to evolve the shape of the microstructure
by means of the evolution of each integral direction. From our
point of view, this approach allows a free reorientation of the ﬁbrils
since they are not limited by the statistical distribution.
It is necessary to deﬁne the vectorxi, which leads the evolution
of the reorientation process. As mentioned above, we prefer to gen-
eralize the driving quantity leading the process, named N. We
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direction of N, such that ri#N3. We will denote by I ¼ 1;2;3 the
eigenvectors associated to the minimum, medium and maximum
eigenvalues of N, respectively. This leads to
xi :¼ ri  N3 ð11Þ
where xi and ri are the angular velocity and the unit vector of each
integration direction as depicted in Fig. 4. We will again make use of
the updating scheme presented in the section above, based on the
exponential map, and again adopt an explicit updating. Therefore,
we approximate the updated vector as
rnþ1i ¼ expðx^iDtÞ  rni ð12Þ
Remark 1 (Reconstruction of the Bingham distribution from the
reoriented integration directions). Once the integration directions
evolve, it is obvious that the distribution of the ﬁbrils changes
independently of the initial Bingham ODF, but it is not so clear how
the values of Z change. In order to recover a Bingham distribution,
mainly for visualization purposes we adopt the following meth-
odology. Given an updated state, after reorientation of the
integration directions (ID) at the current time n:
 We deﬁne a structural tensor q at time n asqn ¼ 1
4p
Z
U2
qðrn; Z; Q nÞrn 	 rndA ð13Þ At this point we can follow two options:
(i) We solve the non-linear equation system (Eq. 14) obtaining
the new values of Z, named Z^, from the right side of the equality.1
4p
Z
U2
qðrn; Z; Q nÞrn 	 rndA
¼ 1
4p
Z
U2
qðr; Z^; Q Þr	 rdA: ð14Þ(ii) We can construct a data base with pairs of data relating the val-
ues of each qn with its respective Z tensor. We followed this latter
method for j1;2;3 ¼ 1; . . . ;100, leading to a database of 106  3 ele-
ments for j and 106  3 elements for the diagonal components of q.
4. Dissipation
The starting point of this section arises from the ﬁrst and second
laws of thermodynamics given in the material description, which
may be written as:
_e ¼ P : _F DIVQ^ and c ¼ _g DIV Q^
h
; ð15ÞFig. 4. Evolution of each integration direction.where _e is the internal energy rate of the system, P the ﬁrst Piola–
Kirchoff stress, Q^ the heat ﬂux, g the entropy density, h the absolute
temperature and c an entropy production term coming from irre-
versible processes (see e.g. Truesdell and Noll, 2004). Combining
the Legendre transformation W ¼ e gh in Eq. 15 with the Helm-
holtz free energy density W, we can write the Clausius–Plank
inequality as
D ¼  _Wþ P : _Fþ Q^  DIVh
h
P 0 ð16Þ
where DP 0 is the internal dissipation or the local entropy produc-
tion, also named h _c. This inequality has important implications in
remodeling processes, since it is well known that this is an irrevers-
ible process and Eq. 16 is a strict inequality. Usually in mechanics,
the last term is omitted since no thermal effects are considered.
We do not omit it in this ﬁrst description in order to have a more
general formulation. We now split the Helmholtz free-energy func-
tion as W ¼ Wmech þWchem. The mechanical part Wmech refers to the
classical energy used in non-linear mechanics and Wchem to the
chemical metabolic component. Although there is no argument that
in biological tissue the exchange of energy through chemical pro-
cesses is essential, obtaining Wchem is complex and to the authors
knowledge has not been sufﬁciently developed. Mechanical stimuli
are not enough to boost remodeling in biological tissue and meta-
bolic processes are fundamental. In fact, chemical processes are
responsible for initiating and leading the remodeling of biological
tissue and cells, although sometimes mediated by mechanical
mechanisms. Metabolic stimuli can arise from genetic or sympa-
thetic disorders although they usually arise from a previous
mechanical stimulus. This very ﬁrst and ﬁnal mechanical role in
remodeling is the reason why we adopt a mechanical-based
approximation of the problem. As previously mentioned, we will
ignore heat sources and will only consider isothermal processes.
Most biological tissue works and develops at approximately con-
stant temperature so only the mechanical part will be considered.
As observed above, the dependencies of the mechanical term lies
inWFmech ¼ WmechðF; r;Q Þ or, in terms of the right Cauchy–Green ten-
sor C, inWCmech ¼ WmechðC; r;Q Þ. Taking into account Eq. 2, and focus-
ing on the anisotropic part, which is the contribution we assume
reorients itself, we can deﬁne
Wani ¼ 14p
Z
U2
qðQ ; rÞwðkÞdA; ð17Þ
with the material derivative
_Wani ¼ @CWani : _Cþ @rWani  _rþ @QWani : _Q : ð18Þ
From the ﬁrst termwe obtain the constitutive equation for the devi-
atoric part of the anisotropic stress as Sani ¼ J2=3DEVðSaniÞ, where
ðSaniÞ is the ﬁctitious second Piola–Kirchhoff stress tensor deﬁned as
Sani ¼ 14p
Z
U2
q@CwðkÞdA ¼
1
4p
Z
U2
qk1w0ðkÞr	 rdA: ð19Þ
The other two terms represent the dissipation due to the remodel-
ing process, reducing the inequality to
Dint ¼ @rWmech  _r @QWmech : _Q
¼  1
4p
Z
U2
w@Qq : _QdA|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
DPDR
 1
4p
Z
U2
½q@rwþ w@rq  _rdA|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
DRF
ð20Þ
The ﬁrst term is related to dissipation due to reorientation (DPDR) of
the principal direction of the bundle while the second term (DRF) is
caused by reorientation of the individual ﬁbrils or ﬁlaments, which
leads to a change in the bundle shape.
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Z
U2
w@Qq : _Q
h i
dA
¼  1
4p
Z
U2
2r  rT  Q  Z qw : _Qh idA and ð21Þ
DRF ¼  14p
Z
U2
q@rwþ w@rq½   _rdA
¼  1
4p
Z
U2
SiC  rqþ q2Q  Z  Q T  rwþ qmw
h i
 _rdA; ð22Þ
with @k2w ¼ Si=2; @rk2 ¼ 2C  r and
qm ¼
Z
U2
4p½ 12Z  retr Z  r  rT dA	 
1etr Z  Q T  r  rT  Q :
ð23Þ
In subsequent sections we provide the dissipation values for several
examples.
5. Particularization for biological tissue
The previous sections have omitted any reference to speciﬁc
quantities that drive the remodeling process. In the following sec-
tion we discuss some of the driving quantities most commonly
used in the bibliography. Moreover, we also present a comparison
of the behavior of the model with various previously proposed
driving quantities.
As pointed out in the Introduction section, it is still unclear if
this quantity is associated to strains, stresses or mix-variant types
such as the Mandel tensor (see e.g. reviews in Humphrey (2001),
Cowin (2004), De et al. (2007) and references therein). Kuhl et al.
(2005) and Himpel et al. (2008) followed a strain based approach
while Driessen et al. (2004) suggested the orientation along a
direction between the two principal directions of maximum strain.
Other authors (Kuhl et al., 2007; Grytz et al., 2010) suggested
stress-based models to trigger the process, some of them aligned
with the maximum principal direction or with respect to a direc-
tion between the two maximum principal directions. This option
is frequently applied to cardiovascular tissue where the ﬁbers re-
model themselves to compensate for variations in both internal
pressure and wall shear stress (Taber, 1998; Alford et al., 2008). Fi-
nally, other authors (Imatani and Maugin, 2002; Menzel et al.,
2008) proposed a mix-variant Mandel-type tensor.
It is also worth commenting on the particular state reached
when the strain and stress tensors are coaxial and a critical state
of the free energy is achieved (Cowin, 1994; Vianello, 1996) in
which case M ¼ C  S turns out to be symmetric. Anisotropic mate-
rials are not coaxial in general and this state is only maintained
while the Piola–Kirchhoff stresses and the Cauchy–Green tensor
retain non-coaxiality.
Note also that our model is restricted to static or low frequency
loads, or more precisely, to cases where the characteristic time of
remodeling is shorter than the characteristic period of loads. As
discussed in the introduction biological tissue and particularly
cells, behave in different ways when they are stimulated statically
or by cyclic loads.
The aim of this analysis is not to provide any new hypothesis or
clariﬁcation about which quantity is the correct one, but to com-
pare the evolution of the dissipation achieved with the three types
of driving quantities described below. The whole process will be
split into two steps.
5.1. Preferential direction reorientation
The ﬁrst type corresponds to the reorientation of the preferen-
tial directions, deﬁned by means of a rotation tensor Q that will bedriven by the principal Cauchy–Green strain directions (NCI ), the
principal Cauchy stresses (NSI ) or the principal directions of the
Mandel tensor (NMI ). This does not uniquely deﬁne the evolution
of Q , so we have to enforce the preferential direction, that is the
direction with the maximum ﬁbril concentration, to reorient itself
towards the maximum principal direction of the driving quantity
N. This description is not inﬂuenced by the magnitude of the driv-
ing stimulus but only by the angle between the initial and the goal
directions. In order to overcome this limitation we introduce a
magnitude-dependent parameter fN as
fN ¼ 0 if K
N
3=K
N
1 6 f
N
0
KN3=K
N
1  fN0 if KN3=KN1 > fN0
(
; ð24Þ
where N denotes the driving quantity (C; S or M), KN3=K
N
1 2 ½1; infÞ
the ratio between the maximum and minimum eigenvalues of the
chosen driving quantity N, and fN0 a threshold value that sets the
coefﬁcient value at which the reorientation process starts. Besides
the magnitude of the driving quantity, it seems reasonable to sup-
pose that natural tissue adapts to a given load in different ways,
e.g. collagen ﬁbrils remodel in a different way than microtubules
of a cell. We therefore introduce the last material parameter, fN , that
provides a measure of the particular tissue reorientation velocity,
decreasing for higher reorientation rates. We propose to fulﬁll
DtfN=fN 6 tnþ1, leading to the following updating scheme of Eq. 2
Q nþ1 ¼ expðfNx^Dt=fN Þ  Q n ð25Þ5.2. Reorientation of the ﬁbrils
The second step deals with the remodeling of the ﬁbered struc-
ture which is basically, as discussed above, a reorientation of the
ﬁbrils or ﬁlaments that make up such a structure. The driving
quantity will be the same and, again, we introduce a magnitude-
dependent parameter fN and the corresponding material depen-
dent parameter fN . We have adopted the same deﬁnition as in
the reorientation process, being
fN ¼ 0 if K
N
3=K
N
1 6 fN0
KN3=K
N
1  fn0 if KN3=KN1 > fN0
(
; ð26Þ
with fN0 the value at which the remodeling starts. And again, the
updating scheme of Eq. 12 changes to
rnþ1 ¼ expðfNx^iDt=fN Þ  rn ð27ÞRemark 2. Coupling of reorientation models. The reorientation
processes discussed above occur simultaneously in biological tissue,
but in different ways. For example, the reorientation of the ﬁbrils or
ﬁlaments of the structure begins a certain time after the start of the
reorientation of the whole structure and perhaps at different rates.
However, there are no available experimental tests that clearly
distinguish between both processes. Therefore, in order to show the
capabilities of this model, and without loss of generality, we will
assume in Section 6 that the reorientation process occurs onlywhen
the preferential direction is aligned with the eigenvector associated
to the maximum eigenvalue of the driving quantity. Upon the
assumption of decoupled reorientations, we can set fN0 to
fN0 PmaxfKN3=KN1g achieved during the PDR process to allow for a
smooth transition fromone process to the other. In thisway,wewill
consider them as decoupled in Section 6. However, for Section 7 a
coupled evolution will be considered by a material parameter,
1 ¼ 1=½1þ expð1c  ½kxkt  1sÞ. This equation follows a sigmoidal
function and the parameters 1c and 1s control the rotation value of
the PDRatwhichRF begins and its rate, respectively. 1multiplies the
arguments of the exponential in Eq. (27).
Table 1
Time step in which equilibrium is achieved for different ﬁber stiffness and different
driving quantities.
Stiffer Softer
Strain Stress Mandel Strain Stress Mandel
49 73 54 49 100 23
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the model.
6. Results
6.1. Principal direction reorientation
The main features of the preferential direction reorientation
model under discussion and some of the results obtained are pre-
sented in this section. We have chosen a homogeneous deforma-
tion problem controlled by displacement. We use the
deformation gradient given by F ¼ 1= ﬃﬃﬃkp ex 	 ex þ 1= ﬃﬃﬃkp ey 	 eyþ
kez 	 ez, the set of concentration parameters j1;2;3 ¼ ½0;8;10 and
an initial Q ¼ ex 	 ex þ ez 	 ey  ey 	 ez, which places the preferen-
tial direction of the ﬁbered structure perpendicular to the stretch-
ing direction. All these parameters have been chosen to show the
behavior of the model and they have not been ﬁtted from experi-
mental data. The parameters from the WLC model are set to
r0 ¼ 1; L ¼ 2; A ¼ 1:3; n ¼ 7:0x1021; k ¼ 1:381x1023 J=K and
h ¼ 300 K. The Mooney–Rivlin parameters are C1 ¼ 1 and
C2 ¼ 0:2, in the same order of magnitude as those in Alastrué
et al. (2009a) or Kuhl et al. (2005) representing parameter values
of biological tissue such as arteries or skin. We present results
for the three types of driving quantities analyzed (C; S and M).
The normalized time interval has been discretized in 100 time
steps with Dt ¼ 0:1.
We ﬁrst analyzed the results without taking into account the
biological model described in Section 5. In Fig. 5 we present the
evolution of the tensor Q every ten steps in a stereographic projec-
tion, used previously by Menzel et al. (2003), among others, for
plasticity and by Miehe et al. (2004) and by Alastrué et al.
(2009a) to represent the stress in blood vessel ﬁbers. The results
show almost no difference between the updated positions of Q
for the three driving quantities. In the zoom shown in Fig. 5(b)
we see that the position driven by the Mandel tensor is placedFig. 5. Evolution of Q , plotted in a stereographic representation, driven by CðoÞ; SðÞ
and MðþÞ. The detail for time step 10 shows that the evolution driven by CðoÞ
reorient the fastest, followed by MðþÞ and SðÞ as depicted in Fig. 6.
(a) Stress evolution in direction ez (b) Anisotrop
Fig. 6. Evolution of stress, anbetween those driven by strain (closer to the goal position, and
so faster) and stress (slower).
An alternative for visualizing the material evolution is comput-
ing an anisotropic measurement as proposed by Menzel et al.
(2003). In this way, we can measure how fast the reorientation is
by means of the scalar d, or the anisotropic measure as
dðC; SÞ ¼ kC  S S  CkkSkkCk : ð28Þ
dðC; SÞ vanishes at equilibrium. We represent the Cauchy stress evo-
lution, anisotropy (given by Eq. 28) and dissipation in the present
example. Fig. 6(a) shows that the stress rises from about 12 kPa
(stiffness of the extracellular matrix) up to 33 kPa due to the contri-
bution of the bundle that progressively aligns with respect to the
stretching direction. Fig. 6(b) shows the anisotropic measure evolu-
tion and Fig. 6(c) the dissipation evolution. We can observe that the
difference is quite small. We impose a stopping criterion for rota-
tion angles less than 0.01 degrees. For such an assumption we reach
steps 49, 73 and 54 for the strain, stress and Mandel driven problem
respectively. If we compute the dissipation numerically, we obtain
from Eq. 21, DC ¼ 3:446x102 [kPa/time], DS ¼ 2:860x102 [kPa/time]
and DM ¼ 3:303x102 [kPa/time] which established stress as the
least dissipative quantity.
We check the last step in which the angle between the principal
direction and the goal direction is less than 0.01 rad, which we con-
sider to be the equilibrium situation. In Table 1 we show the equi-
librium step for each driving quantity and for two ﬁber parametersy evolution (c) Dissipation evolution
isotropy and dissipation.
0 20 40 60 80 1000
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Fig. 7. Evolution of anisotropy for a 1D ﬁber.
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the rest of the parameters as set above. Note that the values of the
contour length L close to r0 represent stiffer values than thosemuch
higher than r0. The principal direction due to stresses has two com-
ponents, one due to the isotropic part and another due to the aniso-
tropic part, which correspond to the ﬁbered structure. In a material
with stiff ﬁbers and not aligned with the direction of the load, the
anisotropic contribution is more important and the principal direc-
tion do not ﬁt in the direction of the load. Therefore, during the evo-
lution process, the total maximum eigenvector moves toward the
direction of the load. However, when the process is driven by
strains, the goal direction maintain a constant direction and the
equilibrium is achieved in the same time step for the two degrees
of ﬁber stiffness.
Remark 3. Stiffness material dependence. The behavior of the
reorientation process must also be related to the ratio between
the anisotropic and the isotropic part of the stiffness. To analyze
this aspect we perform a simple case of a 1D ﬁber, placed initially
perpendicular to the stretching direction and gradually moving
towards the direction of the load. As we can see in Fig. 7, the higher
the matrix-stiffness/ﬁber-stiffness ratio, the faster the reorienta-
tion. This shows that for higher ratios, the principal stress value
and the associated direction of the ground substance have greater
relevance in the overall stress response. Besides, up to 23 there is
no anisotropy since the ﬁbrils are under compression and, there-
fore, they do not contribute to stress. At this point, some ﬁbrils
begin to bear some load contributing to the anisotropic behavior of
the material.The particularization to biological tissue discussed in Section 5
is now included. We take into account the dependence on the mag-
nitude of the load. With this aim we introduce in the remodeling
approach the material parameters fN; fN and f
N
0 (ﬁxed to 1 for strain
driven and 0 for stress driven). We will study the model for
fn ¼ 2;10. Fig. 8 shows the situation of Q at every step. Higher(a) Change with C (b) Change with S (c) Change with M
Fig. 8. Evolution of Q driven by different quantities. Blue crosses indicate the
results for fN ¼ 2 and red circles those for fN ¼ 10. (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the web version of
this article.)
(a) Change with C (b) Chang
Fig. 9. Anisotropy measure d for the differentvalues of fN lead to lower rates of evolution, as expected. The pro-
cess driven byM presents higher rates than those driven by stress,
while the latter are higher than those driven by strain Fig. 9.
We also present the anisotropy evolution for each situation dis-
cussed above. As the previous results show, it can be seen that the
preferential direction aligns more slowly with the principal direc-
tion with higher values of fN . Table 2 shows the step at which we
obtain a rotation of less than 0.01, which can be considered as
the equilibrium situation.
We present in Fig. 10 the dissipation evolution of the examples
proposed in this section. Note that the scale in the vertical axes is
modiﬁed in the different subﬁgures. Consistent with the previous
results, the process driven by strain and higher values of fN is the
least dissipative and, therefore, the optimum from an energetic
point of view. It should be noted that these results are obtained
from the assumed biological parameters that should be experi-
mentally validated and ﬁtted to obtain realistic conclusions. We re-
fer to the results shown in Fig. 6 where no material parameter has
been included and therefore a clearer interpretation of the role of
the different driving quantities can be achieved. As can be seen
in Fig. 10, and more clearly in Table 3, the quantity that produces
the least dissipation is strain, as mentioned above, followed by
stress and Mandel respectively. Dissipation is also lower for higher
values of fN . Based on Eq. (27) for the evolution of the orientation
tensor the Bingham distribution, strain turn to be the least dissipa-
tive quantity because our magnitude-dependent parameter nN give
us a lower value in the strain-driven case. This parameter multiply
the rotation quantities in the exponential mapping leading to a
slower evolution rate and a lower dissipation rate. This parameter
weight the evolution rate, as we explain after Eq. (26), in terms of
the coefﬁcient of the maximum and minimum eigenvalues. While
the strain-based case give relatively small coefﬁcients, stress-dri-
ven problems are much more material-dependent and this coefﬁ-
cient turn to be higher.
Finally we present the evolution of the ODF over time in Fig. 11,
which shows the Bingham representation at different steps for the
case of driving stress and fN ¼ 10 Fig. 12.
6.2. Reorientation of the ﬁbrils
In this section we give some examples to illustrate the model
described in Section 3.2, where the ﬁbrils or ﬁlaments that makee with S (c) Change with M
driving quantities and fN ¼ 2 and fN ¼ 10.
Table 2
Time step in which equilibrium is achieved for different driving quantities and
material parameters fN ¼ 2 and fN ¼ 10.
fN ¼ 2 fN ¼ 10
Strain Stress Mandel Strain Stress Mandel
29 14 4 >100 72 16
(a) Dissipation driven by C (b) Dissipation driven by S (c) Dissipation driven by M
Fig. 10. Dissipative evolution Drep for the different driving quantities and fN ¼ 2 and fN ¼ 10.
Table 3
Energy dissipated for each type of driving quantity.
fN ¼ 2 fN ¼ 10
Strain Stress Mandel Strain Stress Mandel
5:328 102 8:269 102 5:912 104 1:730 102 2:239 102 6:742 103
Fig. 12. Stress evolution for the reorientation case shown in Fig. 11.
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eigenvector of a given driving quantity. The material parameters
of the WLC model are ﬁxed for all the examples to the same values
given in the above section, r0 ¼ 1; L ¼ 2; A ¼ 1:3; n ¼
7:0x1021; k ¼ 1:381x1023 J=K and h ¼ 300 K. All specimens are
stretched with F ¼ 1= ﬃﬃﬃkp ex 	 ex þ 1= ﬃﬃﬃkp ey 	 ey þ kez 	 ez with
k ¼ 2 instantaneously applied and maintained to the end of the
reorientation. We set Dt ¼ 0:01. The Bingham parameters are
j1;2;3 ¼ ½0;8;10 and Q ¼ I (being I being the second order identity
tensor). We therefore ensure that the principal direction of the
structure is previously aligned with the maximum principal direc-
tion of the driving quantity. We introduce the biological perspec-
tive by means of the material parameter fN deﬁned in Eq. 26.
Moreover, as in the previous section, we have included the mate-
rial parameter fN , which is ﬁxed to f
N
 ¼ 4;20 for comparison. This
corresponds to a value twice fN . As in the case of the macro remod-
eling, we carry out the process using the different driving quanti-
ties. In Fig. 13, we present the evolution of the diagonal
components of q (Eq. 13), which measure the concentration of
the ﬁbrils. Again, the remodeling driven by strain is shown to be
the slowest, followed by Mandel and stress. The processes with
fN ¼ 20 are slower than those with fN ¼ 4, as expected.
We also show (Fig. 14) the evolution of the ﬁbrils as the evolu-
tion of the integration directions.
In order to view this evolution we make use of the procedure
discussed in Remark 1. Fig. 15 shows the Bingham representation(a) Step n=1 (b) Step n=33
Fig. 11. Evolution of the ODF for different steps. (a) the distribution at step 0at different steps for the case of driving stress and fN ¼ 20. As we
can see, its shape tends towards a very concentrated von Mises dis-
tribution, i.e., to a 1D single ﬁber orientation.
To conclude this section, we present the dissipative nature of
the model graphically in Fig. 16 and quantitatively in Table 4.
The results suggest that the dissipative process is highly sensitive
to fN . For f
N
 ¼ 4, the strain driven problem is the most dissipative,
followed by stress and Mandel. However, for fN ¼ 20, the strain
quantity becomes the least dissipative and the Mandel tensor the
most dissipative. Nevertheless, as suggested above, we need exper-
imental data to obtain further conclusions on this issue. In order to
compare the dissipative nature of the model presented here with
that described in the previous section, we need to compute the dis-
sipation with values of fN ¼ 1 and fN ¼ 1. In this case the dissipa-
tion takes the following values: DC ¼ 2:636x102 [kPa/time],
DS ¼ 2:636x102 [kPa/time] and DM ¼ 2:638x102 [kPa/time]. They
are almost the same among themselves and very similar to those
in the dissipative PDR process. Again, some experimental tests
would be helpful in order to reach further conclusions.(c) Step n=66 (d) Step n=100
, (b) for step 33 , (c) for step 66 and ﬁnally (d) at the end of the analysis.
(a) Evolution of the microstructure dis-
tribution driven by C
(b) Evolution of the microstructure dis-
tribution driven by S
(c) Evolution of the microstructure dis-
tribution driven by M
Fig. 13. Evolution of the microstructure by means of the diagonal components of q.
(a)   1,2,3 = 0, 8, 10κ (b)   1,2,3 = 0, 28, 38κ (c)   1,2,3 = 0, 43, 75κ (d)   1,2,3 = 0, 48, 112κ
Fig. 14. Evolution of the ﬁbrils for different steps. (a) the initial distribution with j1;2;3 ¼ 0;8;10, (b) for step 33 leading to j1;2;3 ¼ 0;28;38; j1;2;3 ¼ 0;43;75 for step 66 in (c)
the end of the analysis with j1;2;3 ¼ 0;48;112 in (d).
(a)   1,2,3 = 0, 8, 10κ (b)   1,2,3 = 0, 88, 38κ (c)   1,2,3 = 0, 43, 75κ (d)   1,2,3 = 0, 48, 112κ
Fig. 15. Evolution of the distribution for different steps. (a) the distribution at step 0 with j1;2;3 ¼ 0;8;10, (b) for step 33 leading to j1;2;3 ¼ 0;28;38; j1;2;3 ¼ 0;43;75 for step
66 in Fig. (c), the end of the analysis with j1;2;3 ¼ 0;48;112 in (d). For t#1 the Bingham distribution leads to very concentrated von Mises distributions.
(a) Dissipation driven by C (b) Dissipation driven by S (c) Dissipation driven by M
Fig. 16. Dissipation of the model for the different driven quantities and material parameters fN ¼ 4;20.
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Table 5
Algorithm to compute remodeling of cell-like structures.
Input: Fjþ1, internal variables at time j
I Evaluate kinematics Cjþ1 and constitutive equations Wjþ1, Sjþ1 andMjþ1
II Compute stimulus tensor N by Cjþ1, Sjþ1 or Mjþ1
III Update orientation variables.
Evaluate exponential mapping for the evolution of Q jþ1 and rjþ1i
IV Update statistical distribution qjþ1i ðrjþ1;Q ;Q jþ1Þ based on Eq. 6 and spatial description of the orientation vector of the ﬁbrils as tjþ1i ¼ Fjþ1  rjþ1. These
updates make the constitutive model to evolve.
V Compute dissipation, DPDR and DRF as described in Eq. 21 and Eq. 22 and anisotropy d as in Eq. 28.
VI Calculate stresses sjþ1 and tangent operator related to the Jaumann rate as
sjþ1  2bjþ1  ðC1  C2Ijþ11 Þ þ
Xm
i¼1q
jþ1
i
sjþ1i w
i 
Xm
i¼1½q
jþ1
i w
0ðkiÞk1i tjþ1i 	 tjþ1i wi
c
rjþ1 ¼ ½cjþ1 þ 1=2½dsjþ1 þ sjþ1dþ dsjþ1 þ sjþ1d=J with
cjþ1 
Xm
i¼1nq
jþ1
i wi½w00jþ1i  w0jþ1i k1k2tjþ1i 	 tjþ1i 	 tjþ1i 	 tjþ1i
Output:
sjþ1; c
rjþ1
;Q jþ1; rjþ1;DPDR ;DRF; d
(a)  Geometry and boundary conditions of the finite element model. Point 1, 2
and 3 have been marked for micro-structural plotting purposes.
(b) ODF at point 1.
Qi,1 = 0.08 -0.081 -0.56 and
Qi,2 = 0.73 0.33 -0.58 and
  
 
= 31.6, 16.9, 0.0κ
Qi,1 = 0.67 0.05 -0.73 and
Qi,2 = -0.68 0.41 -0.60 and
  
 
= 49.8, 40.1, 0.0κ
Qi,1 = 0.95 -0.15 0.25 and
Qi,2 = -0.27 -0.15 0.94 and
  
 
=8.1, 6.4, 0.0κ
(c) ODF at point 2. (d) ODF at point 3.
Fig. 17. Description of the boundary condition (a), initial values of the ODF distribution for the three marked points (b)–(d).
Table 4
Energy dissipated per each type of driving quantity and for fN ¼ 4;20.
fn ¼ 4 fn ¼ 20
Strain Stress Mandel Strain Stress Mandel
D [kPa/time] 2:173 102 2:033 102 1:690 102 1:670 102 2:207 102 2:199 102
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volumetric loads are special situations that should be carefully
treated. We have consider that our model do not evolve under
volumetric load. Given that any three orthogonal directions are
principal directions of a volumetric state, we can not choose a
particular position of the principal directions for Q to evolve. In the
equibiaxial case, the principal directions will evolve to the plane
containing the two maximum stress directions along the direction
of minimum length and then they will be equilibrated there due to,
again, any direction of that plane is an eigenvector.Remark 5 (No load state). Another important issue to take into
account is the stationarity of the model under no load. As was
pointed out by Garikipati et al. (2005), a proposed model must
not evolve under an undeformed state. Our model solves this issue
by means of the fn0 parameter that does not allow any movement in
the unloaded state.7. A ﬁnite element case: morphological and orientation changes
of cells.
In this section we compute a ﬁnite element model presenting a
biological example of the model discussed above and non-homoge-
neous states of deformation. We have outlined the main steps of
the algorithmic scheme in Table 5. As discussed in the Introduction
section, the cells change their mean orientation and morphological
shape. The experiments are focused on static loading, where cells
align with the direction of stretching, and cyclic mechanical tests,
where cells align with the direction of stretching. In the following
example we will restrict ourselves to the static loading case. To do
so, we model a thin sheet of material, 40 mm  20 mm  0.5 mm,
as shown in Fig. 17(a), and discretized in 800 hexahedral elements.
This geometry represents a classical case of PDMS sheet used for
cell tests. The left side of the specimen is ﬁxed while displacement
or force are imposed on the right side. In fact, we investigate the
inﬂuence of both cases of boundary condition. We ﬁrst compute
the imposed displacement case, with a stretch value of 50% ofFig. 18. Maximal principal stress for the static simulation. The stress ﬁeld shows a
highly non-uniform distribution of stresses due to the random distribution of the
micro-structure.
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(a) Evolution of the reaction forces for the displace-
ment driven problem.
Fig. 19. Evolution of the displacement and reaction fothe initial length in ex. We retrieve the reaction forces, before
remodeling, on the right side of the model to be imposed subse-
quently in a force driven simulation. Obviously, the stress and
strain ﬁeld over the specimen is the same in both cases before
remodeling, but their evolution is different for the Neumann and
Dirichlet boundary value problems. Moreover, to allow amore gen-
eral simulation of the distribution of the cells, as is usually the case
in experimental procedures, we set a random orientation of the cell
in each integration point as well as the concentration values of the
statistical distribution j1;2;3. The random values are obtained by
means of the built-in function of a commercial software package
(MATLAB 6.1, The MathWorks Inc., Natick, MA, 2000). We also de-
scribe the evolution of the micro-structural information. In order
to do so, in the following results we look at three different points
of the material which are in some way meaningful. They are shown
in Fig. 17(a) as points 1, 2 and 3, and will be referred to as such in
the following. The values are described in Fig. 17(b)–(d).
The stress ﬁeld in the deformed conﬁguration is shown in
Fig. 18. For the sake of simplicity we will compute strain and
stress-driven problems, since they are the most commonly used
variables and can be easily compared with those given in the
literature. Moreover, and again to keep the problem as simple as
possible, we set fN ; f
N
 ; f
N
 and f
N
 equal to one, and as we
demonstrated in Section 6, trends and values of remodeling in
Mandel-driven cases remain between those achieved by strain-
and stress-driven problems. In Fig. 19 we plot the reaction force
and the displacement on the right side of the phantom for the dis-
placement and force driven problem respectively. We can see how
the reaction force increase due to the reorientation of the micro-
structure in the Dirichlet boundary condition problem and how
the sample in the Neumann boundary condition case shorten.
We also present stress and anisotropy ﬁelds for every boundary
problem discussed above for different time steps in Figs. 20–23.
Fig. 20(a)–(b) show the evolution of the anisotropy for the strain
driven problem in the Dirichlet boundary problem and the Neu-
mann boundary problem (c)–(d), respectively. The evolution of
both problems shows an anisotropic measure value close to zero,
but a different ﬁnal geometry. The Neumann case undergoes a
clear shortening due to the alignment of the cells in the direction
of the stretching. This behavior is obviously observed in all the fol-
lowing cases. The anisotropic evolution for the stress driven prob-
lem also leads to a very low value of the anisotropic measure,
although some points show higher values of anisotropy. This is
due to the more unstable nature of the evolution of the eigenvec-
tors of the stress tensor while in the strain driven problem the
principal directions maintains an almost constant direction. The
stress increases in the Dirichlet case since the structure reorients
in the direction of the load and the ﬁxed imposed displacement.
The Neumann boundary cases 22,23(c) and (d), although the reori-
entation also occurs also in the direction of the load, show a0 10 20 30 40 50 60 70 80 90 100
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(b) Evolution of the engineering deformation for the
force driven problem.
rces for different boundary conditions problems.
(a) Anisotropy field at time step 10.
(c) Anisotropy field at time step 10. (d) Anisotropy field at time step 100.
(b) Anisotropy field at time step 100.
Fig. 20. Evolution of anisotropy for different boundary value problems, Dirichlet (a)–(b) and Neumann (c)–(d) for remodeling driven by strain.
(a) Anisotropy field at time step 10.
(c) Anisotropy field at time step 10. (d) Anisotropy field at time step 100.
(b) Anisotropy field at time step 100.
Fig. 21. Evolution of anisotropy for different boundary value problems, Dirichlet (a)–(b) and Neumann (c)–(d) for remodeling driven by stress.
(a) Cauchy stress components  x at time step 10.σ
(b) Cauchy stress components  x at time step 10.σ
(b) Cauchy stress components  x at time step 100.σ
(d) Cauchy stress components  x at time step 100.σ
Fig. 22. Evolution of stress for different boundary value problems, Dirichlet (a)–(b) and Neumann (c)–(d) for remodeling driven by strain.
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(a) Cauchy stress components  x at time step 10.σ
(b) Cauchy stress components  x at time step 10.σ
(b) Cauchy stress components  x at time step 100.σ
(d) Cauchy stress components  x at time step 100.σ
Fig. 23. Evolution of stress for different boundary value problems, Dirichlet (a)–(b) and Neumann (c)–(d) for remodeling driven by stress.
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the ﬁxed applied force. In the Dirichlet boundary problem
22,23(a) and (b) the stresses notably increase because of the align-
ment of the structural element in the direction of the stretching,
which maintain a constant value.
We now look at the evolution of the micro-structure. First, we
present the anisotropy evolution in Fig. 24. the ﬁgures show a less
uniform evolution than that of the cases presented in Section 6 due
to the non-uniform deformation state. All three points end up with
an anisotropy measure close to zero, which represents a bundle
aligned with the direction of maximum strain. Due to the random
orientation and concentration of the cells of interest, the initial
anisotropy value is also different for the three of them. The stress
driven cases show a less uniform evolution of the anisotropy due
to the non-regular evolution of the stresses. The evolution for the
two cases of strain driven problems show very similar features
while stress driven problems present a different behavior, occur-
ring at a lower rate in the Neumann boundary case. In the strain-
driven case, anisotropy evolution is very similar since eigenvectors(a) Evolution for Point 1.
(c) Evoluti
Fig. 24. Anisotropy evolution for the three points of interest for strain (C and CF) and stre
and Neumann (CF and SF).of the strain tensor are almost constant. In the Dirichlet case, nN
also maintain a constant value while in the Neumann case, this
parameter decrease since the sheet shorten. In the stress-driven
problem, the Neumann case have a noticeable slower evolution
rate. This is because the stresses decrease during the shortening
process and the parameter nN become considerable smaller which
makes the evolution rate to decrease. Moreover, the stress evolu-
tion of each individual structure is inﬂuenced by the current stress
state of the surrounding structures.8. Discussion
The adaptation of biological tissues has been a very active re-
search ﬁeld in recent years. The three principal processes of adap-
tation of biological tissue to mechano-chemical stimuli from a
continuum point of view are remodeling, growth and morphogen-
esis (see e.g Humphrey, 2009; Taber, 2009; Ambrosi et al., 2011). In
this contribution we have focused on the reorientation process of(b) Evolution for Point 2.
on for Point 3.
ss (S and SF) driven problems and different boundary conditions, Dirichlet (C and S)
Fig. 25. Results presented by Farcas et al. (2009) (with permission) in a shear stress
experiment. From a random distribution and shape of the cells, they obtain a more
narrow shape and an alignment of their principal directions along the ﬂow
direction. The same feature is observed in the simulations reported in Section 6.
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accounts for the reorientation of both the main direction of the
structure and the ﬁbrils or ﬁlaments that compose such a ﬁbered
structure. Most previous works have described the reorientation
of a simple 1D ﬁber while, more recently, some others have taken
into account the remodeling of the underlying structure by means
of changes in its statistical distribution (Baaijens et al., 2010;
Menzel et al., 2008).
Our approach extends the models mentioned above in order to
develop a new model capable of describing both the remodeling of
the principal direction and the distribution of the micro-structure
at the same time, allowing a multi-scale description of the remod-
eling in biological ﬁbered structures. Moreover, we study the dissi-
pation process from a mechanical point of view and describe the
process based on different mechanical variables. These latter fac-
tors are not usually dealt with in similar studies. We have consid-
ered a microsphere-based model that has allowed us to include the
two aspects of the problem. A multi-scale scheme that couples the
microstructural behavior and the macroscopic scale is used, also
allowing the ﬁbered microstructure to be deﬁned in terms of the
ﬁbrils or ﬁlaments that make it up. We also extend the usual orien-
tation space description of the micro-sphere model so that it is
associated to a physical space, or a 3D representation of the ﬁbered
structure. In this way, we compute the reorientation of the mean
direction at the macro-scale and the reorientation of the micro-
structure, upscaling the variables in the lower scale to the macro-
scopic behavior by means of a homogenization scheme.
Numerous works have analyzed different types of driving quan-
tities in these processes (see e.g. Kuhl et al., 2005; De et al., 2008;
Baaijens et al., 2010 and references therein), stress and strain being
the most common. We have considered three driving quantities,
strain, stress and a mix-variant Mandel-type tensor, for driving
the reorientation process. We assume the principal directions of
these quantities as the stimulus to drive the reorientation process.
To complete the model, we have included two further material
parameters. The ﬁrst takes into account the magnitude of the driv-
ing quantities, since it seems natural to assume that the magnitude
inﬂuences the evolution rate. The second parameter has been in-
cluded to reﬂect the fact that different living structures can react
to the same load in different ways.
Our results showed material-dependent results in terms of the
energy dissipated during the process. Dissipation due to remodel-
ing is not an easy variable to measure and to best of our knowledge
this has been never achieved. It is a much easier task to ﬁt the
material parameters by means of the remodeling evolution than
by dissipative aspects. Dissipation is a chemical-dependent pro-
cess, particularly in biological issues. We did not take this into ac-
count in our model, mainly because the number of parameters and
coupled processes involved would have made the problem unman-
ageable. Looking at the mechanical results without taking into ac-
count material parameters (see Section 3), strain appears as the
most dissipative quantity and stress the least dissipative. Once bio-
logical parameters are introduced, as in Section 6, the results be-
come inconclusive. At this point, we can afﬁrm that a mechanical
description alone does not provide a sufﬁcient indication about
dissipation in biological matter. To obtain more accurate results,
the chemical part of the process needs to be examined in order
to throw light on the mechanical effects of the process. Further-
more, the model should be adapted to the speciﬁc problem at hand.
In terms of remodeling and structural organization, the results
were clearer. Given the nature of our model, higher values of fN
produce higher rates of remodeling. This material parameter
would be easier to ﬁt if very accurate results were required. More-
over, given the nonlinearity of stresses and strains, the coefﬁcient
considered in Eqs. 24 and 26 can become disproportionate and
can outweigh the effect of the stimuli. This is specially true ofthe Mandel problem. Note also that these parameters are quite dif-
ﬁcult to ﬁt and a complete set of experimental tests should be done
at different strain and stress levels (and therefore with different
degrees of matrix stiffness) while measuring the evolution of the
structure.
There have been important discussions about what stimuli con-
trol cell remodeling. In many of these works (see e.g. Saez et al.,
2005; Discher et al., 2005) focus on the force that cells exert in dif-
ferent matrices. However, our approach looks at the behavior of
cells when they are mechanically stimulated. Our model predicts,
under the stress driven problem, that cells remodel themselves.
In a displacement control test with a very stiff matrix is considered,
for example in the case of a polycarbonate-like material, the stress
values in the material would be higher than those achieved in a
softer matrix for the same displacement. This stiffer material
would produce a much higher rate of remodeling, which from
our understanding is something that does not in fact occur. Our
view is that strain is more likely to drive this kind of process. Strain
over the matrix does actually boost strain over the cell and there-
fore stress. Whether strain or stress within the cell is the real stim-
ulus is a question that cannot be answered within the conﬁnes of
this work. Strains of integrin adhesions and the glycocalyx due to
matrix deformation might be likely candidates for triggering the
remodeling machinery. However, we want to point out that the
present model establish a general framework for studying remod-
eling of biological structures at different scales. To be able to obtain
accurate and conclusive results in the ﬁeld of cell mechanics re-
search is needed by means of speciﬁc experiments and evolution
equations.
After having presented some analytical cases of our model in or-
der to study its behavior under different material parameters, we
included it in a ﬁnite element scheme. This allowed us to compute
a more realistic biological problem and non-uniform deformation
states in problems with different boundary conditions. We studied
the remodeling of a plaque made up of a matrix seeded by a cell
colony. The initial orientation values and shape were assumed to
be random and our simulation showed a good qualitative agree-
ment with the experimental ﬁndings. They showed progressive
orientation of the principal orientation and a change in the initial
shape due to the reorganization of the interior structure. The re-
sults of the reorganization ﬁt qualitatively well with experimental
results given in the literature. For example, Farcas et al. (2009) pre-
sented results (Fig. 25) for endothelial cells under shear stress that
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of their shape. Our simulations are consistent with these ﬁndings.
The presented model has a strong capability for characterizing
the evolution of complex biological ﬁbered structures such as, for
example, collagen bundles or cells. However, there are certain lim-
itations which need to be overcome to signiﬁcantly improve it. The
ﬁrst, which does not apply only to our model, is the determination
of the parameters related with the reorientation rate. For example,
in a cell stretched by its substrate, the tracking of microtubules
could help to ﬁt not the material parameters and the driving quan-
tities that better ﬁt the experiments could be identiﬁed. It is impor-
tant to note that this cellular process is highly dependent on other
non-mechanical triggers for adaptation, such as chemical interac-
tions. Such stimuli boost many other transduction phenomena that
ultimately lead to structural adaptation, substance synthesis and
genetic expression. These aspects should to some extent be consid-
ered in our model to make it more accurate and realistic.
The use of a Bingham distribution to reﬂect the ﬁber or cell dis-
tribution is simple but also has some drawbacks. Although useful
for a ﬁrst attempt, is possible not the best option if an real cell
structure want to be analyzed. The tracking of microtubules and
stress ﬁber mentioned above could be used to reconstruct a more
realistic cell structure within the micro-sphere-based approach,
which can be used to compute both the reorientation of the ﬁbrils
and the homogenized variables, e.g. stresses. Currently, we have a
ﬁxed position over the unit sphere, and the number of directions
contributing to the mechanical behavior is limited by the shape
of the statistical function. Related to this latter issue, another lim-
itation derives from the integration scheme in an anisotropic
framework. Alastrué et al. (2009b) presented a non linear transfor-
mation of the integration directions, in accordance with the von
Mises statistical distribution used.
From our point of view, the most important future work would
be to focus on extending the model to the numerical simulation of
cell mechanics. However, the amount of information needed is
huge. For example, the active force exerted by the stress ﬁbers
due to external stimuli, the amount of actin generated by a
mechanical stimulus, the dynamics of polymerization of actin
and tubulin, the evolution of endothelial cells due to changes in
the wall shear stress in blood vessels, and much more. Although
the experiments needed to accurately ﬁt such theoretical and com-
putational models are very sophisticated and require expensive
instruments, the models can at least provide interesting mathe-
matical descriptions of these important biological processes.
In short, we have proposed a novel general 3D reorientation
model for both the principal direction of the whole structure and
the underlying ﬁbered structure. Our aim in this work is to estab-
lish a mechanical framework for the structural remodeling of hier-
archical arrangements and evaluate variables such as the evolution
of the anisotropy, dissipation or stresses. This approach allows the
modeling of different remodeling processes in biological tissue,
and with the appropriate experiments could lead to a better
knowledge of how biological tissue adapts to its speciﬁc environ-
ment. For example, combined with the development of a growth
model (see Humphrey, 2009; Ambrosi et al., 2011), our approach
could help to model and predict the overall behavior of arterial tis-
sue reacting to external stimuli by means of remodeling the micro-
structure and growth (positive or negative) of its constituents.
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